ABSTRACT. We prove that if { f t } is a family of line singularities with constant Lê numbers and such that f 0 is a homogeneous polynomial, then { f t } is equimultiple. This extends to line singularities a well known theorem of A. M. Gabrièlov and A. G. Kušnirenko concerning isolated singularities. As an application, we show that if { f t } is a topologically V -equisingular family of line singularities, with f 0 homogeneous, then { f t } is equimultiple. This provides a new partial positive answer to the famous Zariski multiplicity conjecture for a special class of non-isolated hypersurface singularities.
INTRODUCTION
Let z := (z 1 , . . . , z n ) be linear coordinates for C n (n ≥ 2), and let
be a homogeneous polynomial function. We suppose that f 0 is reduced at 0. A deformation of f 0 is a polynomial function f : (C × C n , C × {0}) → (C, 0), (t, z) → f (t, z), such that the following two conditions hold:
(1) f (0, z) = f 0 (z) for any z ∈ C n ; (2) if we write f t (z) := f (t, z), then each f t is reduced at 0.
Thus a deformation of f 0 may be viewed as a 1-parameter family of polynomial functions f t locally reduced at 0 and depending polynomially on the parameter t.
(Note that, by definition, f t (0) = f (t, 0) = 0 for any t ∈ C.) In this paper, we are interested in the embedded topology of the hypersurfaces V ( f t ) := f −1 t (0) in a neighbourhood of the origin 0 ∈ C n as the parameter t varies from t = t 0 = 0 to t = 0.
In [8] , A. M. Gabrièlov and A. G. Kušnirenko proved the following theorem.
Here, by the multiplicity of f t at 0 (denoted by mult 0 ( f t )) we mean the number of points of intersection near 0 of V ( f t ) with a generic line in C n passing arbitrarily close to, but not through, the origin. As f t is reduced at 0, this is also the order of f t at 0-that is, the lowest degree in the power series expansion of f t at 0.
A key-point in the proof of Theorem 1.1 is the following theorem of Lê Dũng Tráng and K. Saito (cf. [10] 
In this theorem, f 0 is not required to be homogeneous. As usual, T p k V ( f − f (p k )) denotes the tangent space at p k to the level hypersurface in C × C n defined by f (t, z) = f (p k ), and T (0,0) (C × {0}) is the tangent space at (0, 0) to C × {0}. The notation Σ f stands for the critical set of f . Theorem 1.1 partially answers the following conjecture of B. Teissier [18] .
Conjecture 1.3 (Teissier). Any µ-constant family of isolated hypersurface singularities is equimultiple.
Note that by the Lê-Ramanujam theorem [11] , Teissier's conjecture is a special case-at least when n = 3-of the famous Zariski multiplicity conjecture [19] . Here, a family { f t } is said to be topologically V -equisingular if there exist open neighbourhoods D and U of the origins in C and C n , respectively, together with a continuous map ϕ :
For a survey-up to 2007-on the Zariski multiplicity conjecture, we refer the reader to [4] . For more recent results and for a short introduction to equisingularity theory for non-isolated singularities, see [5] .
In the present paper, we investigate the same question as Gabrièlov and Kušnirenko for the simplest class of hypersurfaces with non-isolated singularities-namely, the hypersurfaces with line singularities. Certainly, for such singularities, the Milnor number is no longer relevant. However, in [14] [15] [16] [17] , D. Massey introduced a series of polar invariants which generalizes to these singularities-actually to singularities of arbitrary dimension-the data contained by the Milnor number for an isolated singularity. These polar invariants are called the Lê numbers. Unlike the Milnor number, the Lê numbers are not topological invariants (cf. [3] ). However, they still capture an important information about the singularity (see, e.g., [1-3, 6, 7, 12-17] ). In the present work, we highlight new aspects of deformations with constant Lê numbers-namely, we show that the theorem of Gabrièlov and Kušnirenko extends to line singularities provided that the constancy of the Milnor number is replaced by the constancy of the Lê numbers.
From now on, we suppose that { f t } is a family of line singularities. As in [12, §4] , by this we mean that for each t near 0 ∈ C the singular locus Σ f t of f t near the origin 0 ∈ C n is given by the z 1 -axis, and the restriction of f t to the hyperplane V (z 1 ) defined by z 1 = 0 has an isolated singularity at the origin. Then, by [16, Remark 1.29] , the partition of V ( f t ) given by
is a good stratification for f t in a neighbourhood of 0, and the hyperplane V (z 1 ) is a prepolar slice for f t at 0 with respect to S t for all small t. In particular, combined with [16, Proposition 1.23], this implies that the Lê numbers λ 0 f t ,z (0) and λ 1 f t ,z (0) of f t at 0 with respect to the coordinates z do exist. (For the definitions of the Lê numbers, good stratifications and prepolarity, we refer the reader to [16, Chapter 1] .) Note that for line singularities, the only possible non-zero Lê numbers are precisely λ 0 f t ,z (0) and λ 1 f t ,z (0); all the other Lê numbers λ k f t ,z (0) for 2 ≤ k ≤ n−1 are defined and equal to zero (cf. [16] ). Definition 1.5. We say that the family { f t } is λ z -constant-or λ -constant with respect to the coordinates z-if for all sufficiently small t, the Lê numbers λ 0 f t ,z (0) and λ 1 f t ,z (0) of f t at 0 with respect to z are independent of t.
Requiring "λ z -constant" in a family of line singularities is a generalization of assuming "µ-constant" in a family with isolated singularities (cf. [16] ).
Our generalization of the Gabrièlov-Kušnirenko theorem is the following. Remark 1.7. Assuming that the family { f t } is λ z -constant is not too strong in the sense that it does not imply the Whitney conditions along the t-axis (cf. [12, 15] ).
(If these conditions were satisfied, then the theorem would immediately follow from a theorem of H. Hironaka [9] which says that any reduced complex analytic space endowed with a Whitney stratification is equimultiple along every stratum.) Theorem 1.6 is proved in Section 2. A key-point in the proof is the following theorem of Massey (see [13, Theorem 4.5] and [16, Theorem 6.5]) which extends to non-isolated singularities the Lê-Saito theorem mentioned above.
Theorem 1.8 (Massey). If { f t } is a λ z -constant family of (possibly non-isolated) hypersurface singularities, then the t-axis satisfies Thom's a f condition at the origin with respect to the ambient stratum.
In this theorem, the singular locus Σ f t of f t is not required to be 1-dimensional at 0. If s := dim 0 Σ f 0 , then we say that the family { f t } is λ z -constant if for all sufficiently small t, the Lê numbers λ 0 f t ,z (0), . . . , λ s f t ,z (0) of f t at 0 with respect to z are defined and independent of t. (Again, for s + 1 ≤ k ≤ n − 1, λ k f t ,z (0) = 0, see [16] .) Theorem 1.6 has the following important corollary which provides a new partial positive answer to the Zariski multiplicity conjecture for a special class of nonisolated singularities. • µ f t of a generic hyperplane slice of f t at a point on Σ f t sufficiently close to the origin and the reduced Euler characteristic of the Milnor fibre of f t at 0 are both independent of t for all small t. We also know that for line singularities,
• µ f t is an invariant of the ambient topological type of V ( f t ) at 0 (cf. [12, §1] ). As the reduced Euler characteristic is of course a topological invariant too, and since our family { f t } is topologically V -equisingular, it follows that { f t } is λ z -constant. Now we apply Theorem 1.6.
PROOF OF THEOREM 1.6
It is along the same lines as the proof of Theorem 1.1 given by A. M. Gabrièlov and A. G. Kušnirenko in [8] with two differences related to the fact that the singular set Σ f t is no longer zero-dimensional at 0. The first difference is that, unlike the Milnor number, the Lê numbers depend on the choice of the coordinates, and it is possible that for a prescribed coordinates system, the Lê numbers with respect to this system do not even exist. Actually, this is the only reason for the restriction of our study to line singularities (cf. Lemma 2.1). The second difference concerns "upper-semicontinuity." While the Milnor number in a family is uppersemicontinuous, the Lê numbers need not be individually upper-semicontinuous. They are only lexigraphically upper-semicontinuous (cf. [16, Example 2.10 and Corollary 4.16]). Though this makes the argument a bit more complicated than in [8] , we shall see that it is enough to conclude. Finally, as mentioned in the introduction, let us recall that a key point in the proof is the theorem of Massey (Theorem 1.8) which plays a similar role as that of the Lê-Saito theorem (Theorem 1.2) used by Gabrièlov and Kušnirenko in the case of isolated singularities.
We argue by contradiction. Write
where g i is a homogeneous polynomial of the variables z := (z 1 , . . . , z n ), p i is a polynomial of the variable t, and r is an integer.
If the family { f t } is not equimultiple, then the map
is not identically zero in an arbitrarily small neighbourhood of the origin. Write the polynomial p i (t) as
where k i > 0 and a i , b i are constants, and set
where κ is the lowest common multiple of k 1 , . . . , k r . Clearly, ν is a positive integer. By reordering, we may assume that there exists an integer m, 1 ≤ m ≤ r, such that
As usual, we write h t (z) := h(t, z). Note that h 0 = f 0 . 
not contained in Σh in an arbitrarily small neighbourhood of the origin, we have
where ord 0 (·) is the order at 0 with respect to u. However, if we take γ(u) := (u, uz 0 ), where z 0 is such that
Therefore, for this particular curve, the inequality (2.1) is not satisfied.
Lemmas 2.1 and 2.2 show that there exists a sequence {t q } of points in C \ {0} approaching the origin such that for all sufficiently large q either λ 0 h 0 ,z (0) = λ 0 h tq ,z (0) or λ 1 h 0 ,z (0) = λ 1 h tq ,z (0). Combined with the lexigraphically upper-semicontinuity (in the variable t) of the pair of Lê numbers (λ 1 h t ,z (0), λ 0 h t ,z (0)), it follows that for any sufficiently large q, either 
